We show that if a volume-preserving diffeomorphism belongs to the C 1 -interior of the set of all volume preserving diffeomorphisms having the periodic shadowing property then it is Anosov.
Introduction
The shadowing theory is closely related to the stability condition(see [8, 9] ). We will study a kind of the shadowing property which is called periodic shadowing property. The notion of the periodic shadowing property was well studied by [7] . They showed that the following. Let M be a d-dimensional (d ≥ 2) Riemannian closed and connected manifold and let d(·, ·) denotes the distance on M inherited by the Riemannian structure. We endow M with a volume-form (cf. [5] ) and let μ denote the Lebesgue measure related to it. Let Diff 1 μ (M) denote the set of volumepreserving diffeomorphisms defined on M, i.e. those diffeomorphisms such that μ(B) = μ(f (B)) for any μ-measurable subset B. Consider this space endowed with the C 1 Whitney topology. The Riemannian inner-product induces a norm · on the tangent bundle T x M. We will use the usual uniform norm of a bounded linear map A given by
We say that a δ-pseudo orbit {x i } i∈ is a δ-periodic pseudo orbit if x n+i = x i for some n ∈ Z. We say that f has the periodic shadowing property if for any > 0 there is δ > 0 such that for any periodic δ-pseudo orbit {x i } i∈ with
Let Λ be a closed f -invariant set. We say that Λ is hyperbolic if the tangent bundle T Λ M has a Df -invariant splitting E s ⊕ E u and there exist constants C > 0 and 0 < λ < 1 such that
We say that f has the C 1 -robustly periodic shadowing property if there is a C 1 -neighborhood U(f ) ⊂ Diff μ (M) of f such that for any g ∈ U(f ), g has the periodic shadowing property. In [2] , Bessa proved that if f has the C 1 -robustly shadowing property then it is Anosov. Bessa, Lee and Wen shown in [3] that if f has the C 1 -robustly specification property then it is Anosov, and f is C 1 -robustly expansive then it is Anosov. From the results, we study the C 1 -robustly periodic shadowing property. Then we have
The following are equivalent:
Proof of Theorem 1.2
Let M be as before, and let f ∈ Diff μ (M). To prove, we will use the following version of the Franks' lemma for the conservative case which is stated and proved in [4, Proposition 7.4] .
In the volume preserving case, the Axiom A condition is equivalent to the diffeomorphism be Anosov, since Ω(f ) = M by Poincaré Recurrence Theorem. We define the set F μ (M) as the set of diffeomorphisms f ∈ Diff μ (M) which has a
. Very recently, Arbieto and Catalan [1] proved that if a volume preserving diffeomorphism is contained in F μ (M) then it is Anosov. We can restate as follows.
To prove Theorem 1.2, it is enough to show that f ∈ F μ (M). Proof. Suppose that f has the C 1 -robustly periodic shadowing property. Let U(f ) ⊂ Diff μ (M) be a C 1 -neighborhood of f. Then for any g ∈ U(f ), g has the periodic shadowing property. To derive a contradiction, we may assume that f ∈ F μ (M). Then there is a nonhyperbolic periodic point p ∈ P (g) for some g ∈ U(f ). For simplicity, we assume that g(p) = p. Then there is an eigenvalue λ of D p g such that |λ| = 1, and For simplicity, we may assume that λ = 1 (the other case is similar). By making use of the Lemma 2.1, we linearize g at p with respect to Moser's Theorem; that is, by choosing α > 0 sufficiently small we construct g 1 C 1 -nearby g such that
Remark 2.3 From the Moser's Theorem (see [5]), there is a smooth conservative change of coordinates ϕ
We set
and ϕ
This is a contradiction by the periodic shadowing property. Thus the periodic shadowing point have to be in J p . But, g 1 : J p → J p is the identity map, for every point y ∈ J p is the fixed point of g 1 .
This is a contradiction by the periodic shadowing property.
Finally, if λ ∈ C, then dimE c p = 2. To avoid the notational complexity, we may assume that g(p) = p. As in the first case, by Lemma 2.1, there are α > 0 and g 1 ∈ V(f ) such that g 1 (p) = g(p) = p and
With a C 1 -small modification of the map D p g, we may suppose that there is l > 0 (the minimum number) such that
, and set has the periodic shadowing property, for all k ∈ Z. As in the first case, we can show that g 1 does not have the periodic shadowing property, which contradicts the fact that g 1 ∈ U(f ). Thus, if f belongs to the C 1 -interior of the set of a volume preserving diffeomorphism having the periodic shadowing property, every periodic point of f is hyperbolic.
Proof of Theorem 1.2. Let f ∈ Diff μ (M) has the C 1 -robustly periodic shadowing property. Then by Lemma 2.4, f ∈ F μ (M). By Theorem 2.2, f is Anosov.
